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Abstrat
Casimir eet in the planar setting is desribed using the boundary state for-
malism, for general partially reeting boundaries. It is expressed in terms of the
low-energy degrees of freedom, whih provides a large distane expansion valid for
general interating eld theories provided there is a non-vanishing mass gap. The
expansion is written in terms of the sattering amplitudes, and needs no ultraviolet
renormalization. We also disuss the ase when the quantum eld has a nontrivial
vauum onguration.
1 Introdution
The Casimir eet an be onsidered as a response of the ground state in a quantum eld
theory to the presene of boundary onditions. Therefore it is natural to seek a relation to
the approah known as boundary quantum eld theory started in two-dimensional spae-
time by the seminal paper of Ghoshal and Zamolodhikov [1℄. Reently we have developed
and extended this formalism to quantum eld theories in arbitrary spae-time dimensions
and applied it to the Casimir eet [2, 3, 4, 5℄. Here we give a short review of our results.
2 Boundary state formalism
2.1 The onept of the boundary state
Following [5℄ we onsider an Eulidean quantum eld theory of a salar eld Φ dened in
a D + 1 dimensional half spae-time, parameterized as (x ≤ 0, y, ~r), in the presene of a
1
odimension one at boundary loated at x = 0. The orrelation funtions dened as
〈Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN)〉 =
∫
DΦ Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN) e
−S[Φ]∫
DΦ e−S[Φ]
ontain all information about the theory. The measure in the funtional integral is provided
by the lassial ation
S[Φ] =
∫
d~r
∫ ∞
−∞
dy
[∫ 0
−∞
dx
(
1
2
(~∇Φ)2 + U(Φ)
)
+ UB(Φ(x = 0, y, ~r))
]
whih determines also the boundary ondition via the boundary potential UB:
∂xΦ|x=0 = −
δUB(Φ)
δΦ
∣∣∣∣∣
x=0
Here we assume for simpliity that the boundary term does not depend on the temporal
(i.e. y) derivative of Φ, whih means that there are no boundary degrees of freedom with a
temporal dynamis independent of the bulk (it may depend on derivatives with respet to ~r,
whih is the reason for the variational derivative δ). The bulk interation U is onstrained
by the requirement that the bulk spetrum must possess a mass gap m.
This Eulidean quantum eld theory an be onsidered as the imaginary time ver-
sion of two dierent Minkowskian quantum eld theories. We an onsider t = −iy as
Minkowskian time and so the boundary is loated in spae providing nontrivial bound-
ary ondition for the eld Φ. The spae of states in this Hamiltonian desription is the
boundary Hilbert spae HB determined by the ongurations on the equal time slies. HB
ontains multi-partile states and is built over the vauum state, obtained in the presene
of the boundary ondition (|0〉B), by the suessive appliation of partile reation oper-
ators
1
. In the asymptoti past the partiles do not interat and behave as free partiles
travelling towards the boundary; thus
HB =
{
a+in(k1,
~k1) . . . a
+
in(kN ,
~kN)|0〉B , k1 ≥ . . . ≥ kN > 0
}
where the operator a+in(k,~k) reates an asymptoti partile of mass m with transverse (i.e.
x-diretional) momentum k and parallel (i.e. parallel to the boundary) momentum ~k.
The orresponding energy is ω(k,~k) =
√
k2 + ~k2 +m2 =
√
k2 +meff(~k)2 where meff(~k) =√
~k2 +m2 is the eetive mass of a partile with parallel momentum ~k as seen in the two-
dimensional spae-time formed by t and x. Instead of k, we shall also frequently use the
rapidity parameter ϑ dened by
ω = meff(~k) coshϑ , k = meff(~k) sinhϑ (2.1)
1
One an also introdue partile-like exitations onned to the boundary [3℄ ('surfae plasmons'), but
for simpliity we do not onsider them here.
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Figure 2.1: The two Hamiltonian desriptions, with a representation of the amplitudes R
and K2.
In the Heisenberg piture the time evolution of the eld
Φ(x, t, ~r) = eiHBtΦ(x, 0, ~r)e−iHBt
is generated by the following boundary Hamiltonian
HB =
∫
d~r
[∫ 0
−∞
dx
(
1
2
Π2t +
1
2
(∂xΦ)
2 +
1
2
(~∂Φ)2 + U(Φ)
)
+ UB(Φ(x = 0))
]
(2.2)
The orrelator an then be understood as the matrix element
〈Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN)〉 = B〈0|Tt (Φ(x1, t1, ~r1) . . .Φ(xN , tN , ~rN)) |0〉B
where Tt denotes time ordering with respet to time t, and the vauum |0〉B is normalized
to 1.
The formulation of asymptoti states and elds, together with the relevant redution
formulae (whih generalize the LSZ approah to boundary QFT) was given in [2, 3℄. In
[3℄ we also gave the appropriate generalization of Landau equations, Coleman-Norton in-
terpretation and Cutkosky rules, together with an example of one-loop renormalization of
boundary interation (where we onsidered the ase of sine-Gordon model in two spae-
time dimensions). Elasti reetion of a partile from the boundary (see gure 2.1) is a
proess with one partile of energy ω and parallel momentum ~k both in the inoming and
outgoing state
2
, whose transverse momentum k hanges sign. Its amplitude is the ree-
tion fator R(ω,~k) whih an only depend on |~k|, as a result of rotational invariane in
the diretions parallel to the boundary; it is not neessarily unitary due to the possible
existene of inelasti proesses.
Alternatively we an also onsider τ = −ix as Minkowskian time, as depited in gure
2.1. In this ase the boundary is loated in time and we an use the usual innite volume
Hamiltonian desription. The Hilbert spae is the bulk Hilbert spae H spanned by multi-
partile in states
H =
{
A+in(κ1,
~k1) . . . A
+
in(κN ,
~kN)|0〉 , k1 ≥ . . . ≥ kN
}
2
Energy and parallel momentum are onserved due to the unbroken translation invariane in the dire-
tions parallel to the boundary.
3
where κ is the momentum in the y diretion, and the energy orresponding to the time di-
retion is given by ω(κ,~k) =
√
m2 + κ2 + ~k2. One an again use a rapidity parametrization
in this hannel dened by
κ = meff(~k) sinhϑ , ω = meff(~k) coshϑ (2.3)
Time evolution
Φ(τ, y, ~r) = eiHτΦ(0, y, ~r)e−iHτ
is generated by the bulk Hamiltonian
H =
∫
d~r
∫ ∞
−∞
dy
(
1
2
Π2τ +
1
2
(∂yΦ)
2 +
1
2
(~∂Φ)2 + U(Φ)
)
(2.4)
and the boundary appears in time as a nal state in alulating the orrelator:
〈Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN)〉 = 〈B|Tτ (Φ(τ1, y1, ~r1) . . .Φ(τN , yN , ~rN)) |0〉
The state 〈B| is alled the boundary state, whih is an element of the bulk Hilbert spae
and is dened by the equality of the two alternative Hamiltonian desriptions
〈B|Tτ (Φ(τ1, y1, ~r1) . . .Φ(τN , yN , ~rN)) |0〉 = B〈0|Tt (Φ(x1, t1, ~r1) . . .Φ(xN , tN , ~rN)) |0〉B
where the orrespondene is valid if (iτ, y) is identied with (x, it). Using asymptoti
ompleteness the boundary state an be expanded in the basis of asymptoti in states as
3
〈B| = 〈0|
{
1 + K¯1Ain(0, 0) (2.5)
+
∫ ∞
0
dκ
2π
∫
dD−1~k
(2π)D−1ω(κ,~k)
K¯2(κ,~k)Ain(−κ,−~k)Ain(κ,~k) + . . .
}
whih we refer to as the luster expansion for the boundary state (where due to translational
invariane only bulk multi-partile states with zero total momentum an appear).
2.2 Relation between the two hannels: K1 and K2 in terms of R
The one-point funtion of the eld, due to unbroken Poinaré symmetry along the bound-
ary, only has a nontrivial dependene on x:
B〈0|Φ(x, t, ~r)|0〉B = G
1
bdry(x)
whih orresponds to a nontrivial vauum onguration in the presene of the boundary
ondition. The leading asymptoti behaviour for x→ −∞ is given by [5℄
B〈0|Φ(x, t, ~r)|0〉B = 〈0|Φ(0)|0〉+ g¯e
mx
(2.6)
3
The bars on top of the K oeients indiate that the above expansion is that of the onjugate (bra)
boundary state.
4
where 〈0|Φ(0)|0〉 is the vauum expetation value in the bulk and g¯ is a parameter whih
is harateristi of the boundary ondition (and also of the eld Φ). We reall that |0〉B is
the ground state of the boundary system whih means that there are no bulk exitations
present and the boundary itself is in its ground state. The absene of bulk exitations
is important for the above asymptotis to be valid; however, (2.6) also holds when the
boundary is exited ('surfae plasmons').
Using the property of the interpolating eld Φ
〈0|Φ(0)|A(k = 0)〉 =
√
Z
2
where Z is the bulk wave funtion renormalization onstant (0 ≤ Z < 1), and from the
luster expansion (2.5) one obtains the relation
4
g¯ =
√
Z
2
K¯1
On the other hand, the existene of nontrivial vauum expetation value for the eld is
generally related to a singularity of the reetion fator at the partiular kinematial point
~k = 0, ω = 0 (i.e. k = im or equivalently ϑ = iπ/2). In our paper [5℄ it was shown that
this singularity takes the following form
R(ω,~k) ∼ −
mg2/2
ω
(2π)Dδ(~k) (2.7)
with g parametrizing its strength. Using the luster property of loal quantum eld theory
we proved the following relation
g¯ =
g
2
√
Z
2
valid for general quantum eld theories, whih yields the expression of K¯1 in terms of g:
K¯1 =
g
2
This extends a relation previously onjetured in the ase of two-dimensional integrable
eld theories [6, 7℄. In the two-dimensional ase, there is no parallel momentum
~k and the
rapidity parametrization (2.1) takes the form
ω = m coshϑ , κ = m sinhϑ (2.8)
As a result, the singularity (2.7) orresponds to a pole [1℄
R(ϑ) =
ig2/2
ϑ− iπ/2
4
Note that this relation remains valid if the Lagrangian eld Φ is replaed by any bulk interpolating
eld for the asymptoti partiles and its appropriate wave funtion renormalization Z; in that ase g¯ also
needs to be replaed by another onstant whih orresponds to the eld onsidered.
5
Figure 3.1: The folding trik, illustrated for a generi defet sattering proess
Let us now turn to K¯2. Using the redution formulae derived in [5℄ the relation to R an
be obtained as follows:
K¯2(κ,~k) = R(ω → −iκ,~k)
This an be written using the rapidity parametrizations (2.1,2.3) as
5
K¯2
(
ϑ,~k
)
= R
(
i
π
2
+ ϑ,~k
)
and this relation ts very well with the pitorial representation in gure 2.1. In two spae-
time dimensions this is the same as the relation obtained by Ghoshal and Zamolodhikov
6
in [1℄. We remark that when the theory in the bulk is free and the reetion is elasti, the
boundary state an be written in a losed form
7
〈B| = 〈0| exp
{
K¯1Ain(0, 0) (2.9)
+
∫ ∞
0
dκ
2π
∫
dD−1~k
(2π)D−1ω(κ,~k)
K¯2(κ,~k)Ain(−κ,−~k)Ain(κ,~k)
}
3 Defets and defet operators
Boundary onditions onsidered in the ontext of the Casimir eet generally allow trans-
mission as well, and suh boundaries are alled 'defets'. A suitable generalization of the
boundary state formalism an be obtained by a folding trik depited in gure 3.1, whih
maps the defet into a boundary system [8℄. Suppose now that a defet is loated at x0.
In the rossed hannel (where time ows in the x diretion) it an be represented by a
defet operator whih ats from the bulk Hilbert spae of the x < x0 system into that
5
Note that the rapidity arguments on the two sides of the equality are oneptually dierent, sine they
orrespond to the kinematial variables of two dierent hannels as dened in (2.1) and (2.3). We an
onsider them related by analyti ontinuation.
6
They also noted that the relation between the two hannels an be onsidered as a generalization of
the well-known rossing symmetry to quantum eld theories with boundary.
7
In 1+1 dimensions this an be extended to any integrable QFT with integrable boundary ondition
[1℄.
6
R : T : T :R :− + + −
Figure 3.2: One-partile defet amplitudes
of the x > x0 system
8
. Let us denote the operator reating the partile for the x < x0
domain as A†1 while for the x > x0 domain as A
†
2. There are now four one-partile reetion
amplitudes, shown in gure 3.2. Two of them are denoted R± and preserve the speies
number 1, 2, orresponding in the defet piture to reetions on the left and on the right
side, respetively. The other two, T± are the ones hanging 1 into 2 and 2 into 1, and in the
defet piture they desribe transmission from left to right and right to left, respetively.
These an be onveniently put together into a defet matrix
1
D(ϑ,~k) =
(
R+(ϑ,~k) T−(ϑ,~k)
T+(ϑ,~k) R−(ϑ,~k)
)
Using the folding map to the boundary system we obtain the defet operator [8℄ as
9
D = 1 +
∫ ∞
∞
dϑ
4π
∫
dD−1~k
(2π)D−1
(
R+
( iπ
2
− ϑ,~k
)
A†1(−ϑ,−~k)A
†
1(ϑ,~k) + (3.1)
T+
( iπ
2
− ϑ,~k
)
A†1(−ϑ,−~k)A2(−ϑ,−~k) + T
−
( iπ
2
− ϑ,~k
)
A1(ϑ,~k)A
†
2(ϑ,~k) +
R−
(iπ
2
− ϑ,~k
)
A2(ϑ,~k)A2(−ϑ,−~k)
)
+ terms with more than two partiles
With the same onditions as for the boundary state (trivial bulk sattering, and elastiity
for the ombined one-partile reetion/transmission amplitude) the defet operator an
be summed up into an exponential form similar to (2.9), as disussed in [4℄.
4 Derivation of Casimir energy
We now turn to the derivation of Casimir energy of aD+1 dimensional salar eld Φ(t, x, ~y)
in a domain of width L in x (for details see [4, 5℄). Consider two defets loated at a distane
L with defet matries D1 and D2. The ground state eigenvalue of the Hamiltonian HB in
(2.2) an be evaluated via the partition funtion. Compatifying all innite (temporal and
8
On the two sides of the defet, the bulk theories may dier; in general, a defet an be an interfae
between very dierent quantum eld theories (as an example one an onsider the eletromagneti eld in
the presene of an interfae between two drastially dierent physial media).
1D is not neessarily unitary, sine we allow for inelasti sattering proesses reating and annihilating
partiles.
9
For the sake of simpliity here we omitted possible one-partile terms orresponding to nontrivial
vauum ongurations, but their inlusion using the folding trik is straightforward.
7
spatial) dimensions (i.e. the D extensions perpendiular to x) to irles with perimeter T
we an evaluate the partition funtion in two dierent ways [4℄:
Z(L, T ) = TrHBe
−THB = 〈0|D1e
−LHD2 |0〉
where H is the bulk Hamiltonian (2.4) in the x hannel in the domain between the two
defets and |0〉 is the orresponding bulk vauum state. Inserting a omplete set of bulk
asymptoti states we obtain
Z(L, T ) = e−LE0
∑
n
〈0|D1 |n〉 〈n|D2 |0〉 e
−L(En−E0)
Normalizing the bulk ground state energy E0 to 0, the rst few terms an be written
expliitly as
1 +
∑
ϑ,~k
∑
ϑ′,~k
〈0|D1|ϑ,~k;ϑ
′, ~q〉〈ϑ,~k;ϑ′, ~q|D2 |0〉 e
−L(meff (~k) cosh ϑ+meff (~q) coshϑ′)
+ O(e−3mL)
The term 1 is the ontribution from the vauum (|n〉 = |0〉), the next term omes from
two-partile terms in (3.1) and the higher-order orretions ome from the higher multi-
partile terms. This is a sort of luster expansion similar to the one used in [7℄, valid
for large values of the volume L. Finite volume restrits the momenta to κ = 2π
T
n and
ki =
2π
T
ni, and the normalization of the reation operators beomes
[Ain(κ,~k), A
+
in(κ
′
, ~k
′
)] = TDω(κ,~k)δκ,κ′δ~k,~k′
The ground state (Casimir) energy (per unit transverse area) an be extrated from the
partition funtion as
E(L) = − lim
T→∞
1
TD
logZ(L, T )
The result is
E(L) = −
∫ ∞
−∞
dϑ
4π
coshϑ
∫
dD−1~k
(2π)D−1
meff(~k)× (4.1)
R−1
( iπ
2
+ ϑ,~k
)
R+2
( iπ
2
− ϑ,~k
)
e−2meff (
~k)L coshϑ + . . .
The orretion terms orrespond to higher partile terms in the expansion (3.1) of the defet
operator D and inlude the amplitudes of reetion/transmission proesses involving more
than one partile in at least one of the asymptoti states. These an be omputed (together
with the reetion fators R±) e.g. using a BQFT formulation as the one presented in [3℄,
but it is obvious that they are suppressed by a fator e−mL with respet to the leading
order term due to the presene of at least one additional partile in the orresponding term
of the expansion of the defet operator D. Note that (4.1) is appliable in the presene
8
of nontrivial bulk and boundary interations: their eets at leading order are ontained
in the reetion fators R±, so as long as there is some theoretial or experimental input
from whih these an be determined the leading order ontribution an be evaluated.
In the elasti ase the expansion an be summed up [4℄:
10
E(L) =
∫ ∞
−∞
dϑ
4π
coshϑ
∫ dD−1~k
(2π)D−1
meff(~k)× (4.2)
log
(
1− R−1
( iπ
2
+ ϑ,~k
)
R+2
(iπ
2
− ϑ,~k
)
e−2meff (
~k)L cosh ϑ
)
Let us now alulate the ground state energy in the presene of nontrivial vauum on-
guration of the eld. For simpliity we suppose that the boundary is totally reetive.
Compatifying the other diretions again to irles of perimeter T with periodi boundary
onditions we obtain
Z(L, T ) = 〈Bα|e
−LH |Bβ〉 =
∑
n
〈Bα|n〉〈n|Bβ〉
〈n|n〉
e−EnL
The leading nite size orretion to the ground state energy for large L is now given by
one-partile terms, and the ground state energy per transverse area (at leading order in L)
has the form [5℄
Eαβ0 (L) = −mK¯
1
αK
1
βe
−mL + . . . (4.3)
For partially reeting boundaries (i.e. defets) the appropriate K1 oeient is the one-
partile oupling of the defets evaluated in the domain between them. If one of the K1-s
is zero then the leading orretion omes from two-partile states, and is idential to (4.1).
5 Summary and disussion
A very appealing property of the boundary state approah is the universality of the formulae
(4.1) and (4.2). In [4℄ we showed that the latter indeed reprodues all the results previously
known for the planar situation, inluding the famous Lifshitz formula [10℄ (it also provides
a way to ompute new ases easily, as we demonstrated for a massive salar eld with
Robin boundary ondition).
Another important point is that this approah formulates the Casimir eet from an
infrared viewpoint. Standard derivations of the Casimir eet solve the mirosopi eld
theory. This neessitates takling diverse issues suh as renormalization, and also the
possibility that the infrared (long distane behaviour) may be quite dierent from the
mirosopi desription of the theory (as is the ase for example in QCD). Formula (4.1)
expresses the eet in terms of the asymptoti partiles
1
, and provides a long distane
expansion for Casimir energy.
10
We remark that the usual zero mode summation method leads to the same result, as indiated in
Appendix A of [4℄.
1
Indeed it an be thought of as an expansion in the number of virtual partiles exhanged between the
defets.
9
Our results are onsistent with the philosophy behind the more reent approah by
Emig et. al. [11℄, the origins of whih an be found in the earlier papers [12, 13, 14℄. From
this viewpoint the Casimir eet is an interation of utuating surfae harge densities,
and therefore it does not logially imply the existene of (astronomially large) zero point
energies beause the bulk energy density an be trivially disarded. In the boundary state
approah the surfae is haraterized by the oeients in the luster expansion of the
boundary state (2.5) (or, more generally, the defet operator (3.1)). Both approahes
give manifestly nite results, with no ultraviolet divergenes whatsoever. There are some
dierenes, however. While the boundary state approah only works easily for the planar
ase, their methods an be used for general geometries. On the other hand, the approah
of [11℄ is only formulated for free eld theories with linear boundary onditions sine it
relies heavily on the omputation of Gaussian path integrals, while in the boundary state
approah the expansion an be written down for interating eld theories with nonlinear
boundary onditions, in terms of their long distane sattering data. The fat that the
path integral is Gaussian also gives Emig et al. the ability to takle theories with zero mass
gap, whih is only possible in the boundary state approah whenever the expansion an be
resummed into the form (4.2). The boundary state approah, on the other hand, provides
aess to highly nontrivially interating theories with a mass gap (a prominent example
of whih is QCD), provided the relevant sattering data are determined e.g. from lattie
eld theory (we remark that it is also highly suessful in two-dimensional integrable eld
theories where exat sattering amplitudes are known).
It is important to note that the restrition of the boundary state approah to the planar
ase omes from the fat that the high symmetry of the planar situation is exploited to
relate the boundary states (or defet operators) to the sattering data, therefore it is not a
restrition inherent in any theoretial priniple. Finally we remark that the results (4.1,4.2)
automatially inlude the ontribution of states loalized to the defets ('surfae plasmons')
as disussed in [4℄.
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